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.,T,he literature concerning the extension of I'ector measures is vety
extensive, the most significant,results knorvn until. now being those presented
in [], [2]. [3], [4], [6], [7], [10], tl1l.

The .aim of our papel is to prove that the s-hopndcd measures defined
on a Boolean algebra @ can be extended sinrultaneously to any l3oolean al-
gebra AJ @. Nlore precisely, we show that for each Banach space E and
for each finite adclitive measur" 1t, @.+ R* therc exists a linear map-
ping wlriclr associates to each s-bounclcd measrlre m: Q.--> E, m4 pl/,
an s-bounded measure -m 

: @-> .E such tl'rat inl@: nr and h < ,r. It was
remarked in [2] that the Lebesgue measurc on [0, 1] cannot be extended
as a o-additive mea.sure to the o-algebra of all subsets of [0, 1], and thus

l

geometric properties of
Dinculeanu's apppoach

on the vector -space of

our result is the best.possible.
'[he lrey point in our proof is the use of.,the

I,M and. Al.-spaces (in the sense of Kakutani) and
on vector rneasures as continuous linear mappirrgs
alt totatty measurable bouucled functions.

Our .niain result unables us to pro;ve.in.a unifying mannel previous
theorems on extension of r'€ctor measures such as Dinculeanu's, Kluvanek's, tltc

1. REVIEW ON VECTOR MEASURES

First recall the cnnstruction of the Banach lattice Jlt(@) of all ,,boundcd
real functions" for @ a Boolean algebra. F'or', corlsider the set of all eler4ents
of the form 2 alAi where

ie.F

Ar = @, Au * O, inf (4i, A) : 0 for i 'l:j,
sup {Ai; i e F} : ?, F is an arbitrary finite set and 'T' is' the
greatest element of @.'Say 2a1A1 - 2 \iBt iif inf(A2, B).+,0 implies

.. ieF :it€.c
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k: 9t. The sei E(@) of all classes of equivalence as obtained can be endowed
with a structure of normed lattice as follows :

----2 a1A6|* 29Pt:2(o, * 9) inf (A', Br)

.4. ,/.\
7'2a1A1: Z}"arAt, ), e R

2aaA1 > 0 if, and only if, all cr are positive

ll}q.Atll : suplall.

Then Jll(@) can be defined as the topological completion of 8(@). Cle-
arly Jlt(@) is an AM-space with unit (in the sense of Kakutani) and the
classical result (due ,to M.FI. Stone) ooncerning the concrete representation
bf rBoolegn algebras yieldst,that ,/l{(Q) is"lattice isometric to C(S), for S
tlre spectrum of. @.' ' For .E a sequentially complete locally convex space and @' a Boolean
algebrai"we shall denote by Mes6(@) tne vector space of all (finitely ad-
ditive) measuf,es mit@"--s,E such that

sup q(m(A)) < €
.\

for eaah, continuous semi'norm q ontB.
A measure m e Mesz(@) is called s-bounded if for every sequence of

pairwise disjoint elements Ao = @ we have lim m(A,) : 0. The Wc!9r
iubspAce of all s-bouhded measures m € Mesn(@) will be denoted by Mo(@,).

"-Gi.r"n d"pdsitive'measfire V e MR(e), we shall denote by Mn(@., (D

the vector subipace of all m e IIr(@) such that .'S t, t...,u,,i[o-(A) : p.

The follswing,rresult which establishes an equivalence between ope-
rators and meAsures goes back to Dinctlleanu'{5] :

1.1. Theorem. There exists a natural algebraic isomorphism-

Qs, n': Mesu(@) -+ 2(Jll(@), E)

giuen bg:
i' : Qg' a(m)(xo)': m(A)

for euerg A e @.. Here XA tlenoles /fte class of l'A + O'A} where Aa is

the unique element .ol: @,'iuch tkal sup (A, lL1 :iT and ih.f (A, A-L) : 0.

., The ubouq;isomo.rphism can be precised 'as follows L:
:', l), If E is an orilered. Ibcally eorutex space then'Qp, t is order'preseruing.

II) (J. Hoffmann-Jorgensen [9]). ny the isomorphism @g, s the weaklg
compact operators of ,&(Jil@), E) corres,pond preci6elg to the s-bound.ed measures
of Mess(@).
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III) (C. Niculescu t15l) ry V:@'-> R isa posiliue measure then m e Me(Q,

tD iff a., 
"{^) 

u ,*,"::,r*,:::::,*,"' 
,,with 

respect ro p i.e.,

;1os, "(mxf)ll <' "llfll * 8(e)Jlfldrr

for euerg 1 e iL@) and, euerg e > O. Here

Jh dp: Os,n (t )(t).

Sketch of the proof. The non trivial assertions are II) and III)'
II). Let us denote by s the spectrum of @. Then s is a compact

Hausd'orff space and @ is isomorphic to the Boolean algelra of all 9!op."n
subsets of s, which implies that 

-Jtt(@) is lattice isometric to c(s_). N_o_!ige

also that every open Fo subset of 5 
'is of the form D : U K"- for- {K'}"

a suitable increasing sequence oI clopen subsets of s. By Lqbesgug"s tttgglgT
on dominated conrlrgence it follows lhat yso-> XD in the o(C(S)**, C(S)*)
topology of C(S)*x.- 

Let m = Mn(@). Then Qg, z(m)(xx,): m(K,) is. a converging sequenee

and thus og, r(m)xx(T.D): m(D) e E. By Theorem 6 in [8] we obtain that
Og, r(m) is weakly compact qs an gperator defined on C(S)'

Conversely, if Qg, a(m) is' weakly compact and {4,}o is a, sequgpce

of pairwise disjoint elements of @ then-1r/"):i0 for all.l = S alrd Thpr

or"io O ia [S[ y-ields that the $equence Og, ,(m)(Xr") : m(A") is norm con-

verging to 0, q.e.d. ': "l-ilTl Lef'm = Mn(@, t). By (II), thb ser 7: {r*"Qs, z(m); n* e E*,
llr*ll ( 1l is weakly relatively compact and the 'classical criterion (due

io ijunroia and Petlits) of weak compactness in a space rl(tr) yi:l9t tl:
iame for l7l: {lul ; u'= Z\. It is convenient here to identify Jlt(Q) .with
C1S1, *tr"i"'S dp'notes the spectruy- ot_e, and to regard the functionals on

h16l "i R"don measures oo, S. We shall prove the 1ol!9wi+$ estimate :

(.) sup .f lfldu < ell/ll * 8(').f l/ldr', reC(S)' :-

which implies III). 
v=lZl

--:i"a"Ja, if (x)'fails, then there exist a positive e, a sequence 0(f"(1
in C(S) and a sequence v* e lTl t:"n *1r 

- .

for all n ) 7. ,Fut:

;t;rl,]ijiil,"';* jn'
.1

Then r*1 , and h are Borel measurable functions and Theorem 2 in [8] im"

* : J ftdve,
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. since vr ( F and J trdl, : 0, rve h:r'Le J/rdve -- 0 (lteN) in contradiction
with. the fa^ct that t hodvo )- e (u e N) an{ lhus the estimate (*) holcls. The
remaindcl of lhe proof is now clear.

2. SINIULTANEOUS EXTENSIOiVS OT' S-BOUNDED N,IEASURES

Lel @CA trvo Boolean algebras. r''
:; ir.2.1:i'Theorcm..

. I) If E is a' sequentiallg complete 'Iocally conner' spaci then thcre' exi1ts
a linea.r,niapl:!, : Itt6(@).-> Itr(@)suclythat q(n,))@: nt for eu,ery nl=,ntn(@).

ID II E is q,.,Bqnach spacc and p.t Q,->,R is u posili'uc nrcasure lhen
lhere e.risls a lincar mapping c: nIr(@, iie>-* XIu(@,1i'suc/r thate(n)l@,=m
forau4rgmeMz(@,pl@). , . l

b.ath cases if E: is sn ordercd locallg, conue\r spqce,, e can be chosen
lo be positiue..

Pro-o[. Sincc Jll(@) is laLtice isometric io a space C(S), for S the specl
trtrrh of @, the Banach lattice Jlt(@) has the ex[ensitin plopcrty and ihus
there'e{ists. a norm-1 positir}e prgjection' P: l/t1@.1x* ->-Jn(iz)*;,iSee [12];pagei8l.'B5l &sfng:'Il) and III) in tn"o,'et, 1.1.above'it follows that e can
be defined by

t,,

,i:t'. 
'' ',i;,,

Q.9:d.
- 

W'e, hdie ; unique extensioh if d i" the Boolean ojulg"bra generatgd
by @. 1'his fact may be deduced from [10J but we prefJr hcrJa direct
argurnent. i .;

_ 2.2. Proposition. Each m e Mz(@) can be erttnclecl uniquelg Io the Boo-
lean o-algebryt T generated bg Q,, as an s-botr.nded measuri, Ii,,o,thgr woryls
the canonical,r,etFiclion r: Mai.Q)Tr ME(e). is an isomorphism ilrcse inuerse
ls e. 

:.
Proof. If S denotes the. spectrum of @ then -tll(@) is lattice isometric

to c(s) and og, p(m) can be regarded as a weakly'compact operator defined
on C(S). See Theorern 1.1 above. The operator Oe,z(rftr) has a iinique
weakly compact extension to jflL(e),k,k -, C(S).,**, particularly to JIL(G(S)),
where 6(5) denotes the Borel c-algebra'associAted to S. By Stonr's repre-
sentation theorem @ is,isqmorphic to,the. Boolean algebra @' of all clopen
snbsets of S. Clearly @' C G(5) and thus m has a unique s-bounded ex-
tensiori to'-8(S) (usb Theorem:1,1i(II) above) and,.a fortiori to the Bdo-
lean o-algebra generated by @, q.e.d. . ..,,i1,,

. 2.3. Corollary (see [10]...,Eucry q.-additiue rneasure m e Mn(@) has a
unigue o-additiue ertensiou to'the Boolean' o.-algebra T generated by @,,
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.:'i < t p 766ft itsy tritrposi tion,2:.2 aboV€"mi has lr utlidue' €xte nsiolr i m elM E(?j'>.

Then r*om is the unigue s-bountled extension of'f,*om to ? rtheriever
ait--t.,g", A *"tt,,noown iesult due to Hahn (See'{1'41; dege lBS) assert$- that
everj 6r;n{flitive.measure'\; @ *>,Ri has,a unique o-additive ,extensie'n 't:a T'-
Eveiy o-additive measule .given on a Boolean o-algebra is .s-bounded and

thus m is weakly o-addittvE. It' remains frb apply'a classical result due to

Orlicz ancl Pettis in order to obtain the o-ad'dibivity: of nt, q'e'd'
,2'.4. Rqmark.:,H -Er,is a;rBatachrlspad€ which' cont.ains. lnor"isomorphic

ropy -of .qo thpn,,J!,{rs- 4rp\ -r,1V!n(@) -fqr'.every- 
Bqglpqn,,pfgeb,r'4 @i llhis we{

kndrivn tact cin lb 'a'e'aice'a f;m t8l by using Theorem .1,1 ahoy,e'

I t: ,:":!'. : i 'i

,'.:-..i.,.i1,:ii.,'.'!i:':.';t:;!].:!1,i1.iil!.1.j-.a];:;.!:i!]' t.,pllrupraNEguS, pxTErS. IgN$'oF' DIA{oFtz,nD- MF,,AQUSES,.

For p; @->R
denote by M;(p) the

l\ '.'li'!i.: :'r':

'', 'l '

a positive measure and .E a Banach space rve shall

.r""to, space of all m e M"(i) such that

sup llm(,a)ll/ri(a) < oo

i( e) +o

;,. -.'t 'r." .': |,. i : r rr r Ii .

is ran isomorphiqrr.r, $ ,@ ,i"
i .", : a ii ] !'.'

If e C d is another Boolean algebra then there is defined a linear
mapping ';" ' 

ji I

..i,,ii,: , ,,,; i. .,\.i.\, :,r l; ,4{6(6r),-->XIp(*l@) , ' " ',:: j 
'

given byithe restiiction of ever! fr'= Nq@..jb E. ",,.,11 :,ri,.i!
, 3,1. Ift"ol*r.o. There c.4ists g linell maPPi,nL,,. 

..

sttttt"thut' f,,i is' thi' idintitti"'6f 'M';QIL)''"
, 
'rAs,r 

follows,rfrom,,,Bropqqition 2,2 .7b9Ye, e
the Boolean o-algebra generated by @. :

. .i,; ,Praofi We first descri'be :ar .canonical 'mcthod" to eonstrncl" 1l ,:ry:::
in the sense of Kakutani. Let X be a normed lattjce i.e., ftl'< lyl implies

Ilrll < flyll.'Each r* e.Y*, rn- 0,defines on X a relatio\ 9I .equivalence
as fgllows :i ,.. i :.., i :r:.,., ir.,lr ,;\::r ,. -.. i r

lrl

T'tii:'Ut mpiettb r* "d f ' X/xj" \i'tth"'respe gt' ti1' J itie 
r l.-o Jrh,

:0 I :. rll

j ir , 1| :\l

, .. ) | I -1 r i

,l! llflllr* == tr*(lzl) ',,i ' ,! i: .: , '. ' :

r;;r:;i!,, , ,,.tt1l ,,rl ,-'t:"! \' :"-rirtti" " 11 
" 

' i:!''f ill '!'i

is an A L - space, saY l-1(rx).
: / \ry€r 'shalilriflglsfs'!by"/rr(p')-'(respeibively -*i(fr)) the';,spiT.e',!'i(?f) Uon;

*+"Igd, "g#.b,oy,Q,,,f 
oy 4.,7..4@.) "q.,*,.o.T =r,^i 

(respectivelv.,'fo!. {.-: ((9,.
;"a 'ri- : iiel. 

"fh"t i'(rri "u" l'e iaentitied''es 'a' closed sublattice of
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Lr([,) and the Lebesgue-Nikodym theorem easily yields the existence of a
norm-1 positive projection p : Lr([) + .Lr(p).

Notice also that for each ^. utu([le) ttre, operator og, r(m) has
a unique extension 

'^:r;\:,r!r'_::"r;:."o,^Trbe derined as ro'ows:

for every. * = mu(il@), q.e.d.
3.2. Corollary. Let p: Q-> R a positive measure antl let m j,Mufu).

For 
^eilerg, 

Booleun algebra elg thire exists an ertension ^, @--E:ofm of finite aarialion.
Proof. By Theorem 2.1 above p has a positive extension i" to d.
3.Q. corollary (see _[l]). suppose in a(tdition that ?l it the Bootean

o-algebra generaled bg A and p is o-additiue. Then ft is a o-additiae me-
asure lhat etlends m uniquely.

, Uniuersilg of Craiooa
De partmcnl of llt alhematics
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